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Monday, February 23rd, 1857. 

JAMES HENTHORN TODD, D. D., President, 
in the Chair. 

Rev. George Salmon read a Paper by Mr. A. Cayley, on 
Professor Mac Cullagh's theorem of the polar plane. 

" A ray of polarized light, incident on the surface of an 
extraordinary medium, may give rise to a reflected ray and a 
single refracted ray ; but this will be the case only for a par- 
ticular position, or positions, of the plane of polarization of the 
incident ray. According to Professor Mac Cullagh's theory, 
the planes of polarization, and the relative vibrations of the 
three rays, are deduced from two assumed principles, which 
may be referred to as — 

" 1°. The principle of equivalent vibrations. 

" 2°. The principle of equivalent moments. 
And from these principles are deduced, — 

" 3°. The principle of vis viva. 

" 4°. The theorem of the polar plane. 

" The directions of the vibrations are completely deter- 
mined by means of 4°, the theorem of the polar plane ; and the 
relative magnitudes are then given by 1°, the principle of equi- 
valent vibrations. The other principles, viz. : — 2°, the prin- 
ciples of equivalent moments, and 3°, the principle of vis viva, 
must therefore follow as mere geometrical consequences from 
the first-mentioned two principles, or theorems ; and I have 
found that the deduction depends immediately upon the fol- 
lowing two theorems in spherical trigonometry. 

" Suppose (Fig. 1, on next page) that RR'R" is a spheri- 
cal triangle, and let TFbe any point in the base RR", and N 
be the central point of the base; then joining WR' and pro- 

2x2 
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ducing this arc (in the direction from W to R ") to a point L, 
such that 

cot WL = • rx. p • tjjtj, , tan WE, 
sva.WR smWR 

and joining NR, then, 

THEOREM I. 

sin 3 ig'XJg' - sin 2 RLR 
sin 2 jR'Xii 
sin NW cos iVT^ 
~ cos WR' sin iV22 cos NR' 

And if we suppose also, that an arc 

through N, perpendicular to the base RR", cuts LR, LR', 

and LR" produced in the points U, V, 17", then, 




THEOREM II. 

sin R'LR' cos RU sin NUR + sin RLR' cos R'U" sin NU"R" 

cos NW 



= sin R'LR 



cos WR sin NR 



cosR'U'awNU'R'. 



" The present memoir contains the proof of the two theo- 
rems, and the application of them to the optical theory. 

" To prove the first theorem, I write for shortness 
R,R", Wto denote the angles LRR', LE'R, NWR\ respec- 
tively ; we have then, 

am* R"LR'- sin* RLR' _ sin (R"LR'-RLR') 
sin 3 R'LR ~ sin R"LR 



1 



sin 



-^r— J, { sin R'LR' cos RLR' - sin RLR' cos R"LR'\ 
K Lit 



1 



sin R" W sin R" cos R W- cos LR cos LW 



sin R'LR \ sin L W sin LR sin L W 

sin R Ws'vo. R cos R'W- cos LR" cos Z, W 



sinZ,JF 



sin-LiT'sin LW 
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°~ — D»rp • * t m l- — tv sm -B "W(coa RW- cos LR cosZW) 
em it LR sin 2 L W (sin Z22 v ' 

- . 6m T I L„ sin 22 W(coa R" W- cos Z22" cos L W)\. 
sin Z R v y ) 

Or, observing that -: — =-=, - — ^r^r,o ar e each equal to 
° sinZ22 smZ22 ^ 

sin22"Z22 A ,. , 
• g „ p » this becomes 
sin a xi 

- • t,,^ 1 - .rw {sin 22" JF(cos 22 7F- cos Z22 cos L W) 
sin 2? if su&LW- v ' 

- sin R W (cos 22 " W- cos Z22" cos Z W) } ; 

and, substituting for cos LR, cos Z22", the values 

cos RW cos L W- sin 22 JF sin L Wcoa W, 
cos R"WcoaLW+ sin 22" JFsin Z TTcos W, 
the foregoing expression becomes, 

1 
= sin22"22sin 2 ZJF 

x (sin22" JF(cos22 JFsin 2 Z W+amR WahxL WcoaLWcoa W) 

-sin 22 ?F (cos 2c" JFsin 2 LW - am R"W am L Wcoa LWcoaW)}, 

= . L— { 6 in22"?Fcos227F-sin22JFcos22'7F 
sin22 i2 

+ 2 cot ZJF sin 22 JF sin 22" JFcos J* } 

1 
"sin 22 "22 

x (sm(22"^- 22^) + 2cotZJFsin22^sin22''JFcos JF)} ; 

and, putting R"W~ RW=2NW, and substituting also for 
cot 7FZ its value, which gives cot Z W sin 22 JF sin 22" JF 
= sin 2 ^JFtan WR\ the expression becomes, 

- ■ L, D {sin 2.NTF+ 2 sin 2 AWtan 072 'cos JF} ; 
sin 22 M ' 

but we have 
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cos NR ' - cos NfV cos WR ' 

C0S = sin NfV sin WR : 

and therefore, 

sin NW 
2sin'2VWtan WR'cosW=1 — =— ,coaNR'- sa\2NW; 

cos WR 



or the expression becomes, 



1 n smNW ATD , 
2—,: -HF5,^ X R - 



sin R"R coa WR' 

And sin R"R = sin 2 2v7c = 2 sin JVTt cos #if, so that finally 
the expression becomes 

siniyTrcos^it' 
~ cos WR' sin NR cos AT*' 

which proves the theorem. 

" To prove the second theorem, take as before R, R", W, 
to denote the angles LRR", LR"R, NWR', respectively; 
and moreover, U, U', U" to denote the angles NUR, NU'R', 
NU"R", respectively; then considering, first, the function 
on the left-hand side, viz. : 

sin R'LR' cos R U sin U+ sin RLR' cos R" C7"sin U", 

we have 

. ,. sin NR 
sin £7= . , 

sin if U 

cos R £7 sin Z7= sin NR cot R U 
= sin NR cos J? cot JVif = cos R cos Nit, 

and in like manner, 

. TT „ sin AT?" 
8m ^ = in7W'' 

cos iJ"£7"sin U" = sin NR" cot R"U" 
= sin iVTr cos iTcot NR" = cos iTcos JVi?" = cos R" cos iVi?, 

and the expression thus becomes 

= cos NR {sin R"LR' cos R + sin RLR' cos .R"} , 

which is 



cos NR 
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sin R " W sin W cos WL - cos R JVcos RL 



sin R "L sin RW sin RL 

sin fl ?F sin W cos ETZ, - cos R"W cos T^'X ) 
sin 2Z.L ' siniTTFsinirX ) 

or, substituting for cos RL, cos iZ'X the values — 

cos R W cos WL -smRW sin WX cos W, 
cos R"W cos #X + sin R"Ws\n WL cos JF, 

the expression becomes 

cos NR sin W 



sin .RZ, sin R"L 



(mn ~R"W 
x 1 . „■" (cos WL sin 2 i? JF+ sin WL sin fl JFcos RWcos, W) 
(sxn RW K 

+ ^l^ r (cosWLsm 3 R"W-sinWLsinR"WcosR"WcosW)\ 
sin it W v ) 

cos ^7i? sin fT 
sin iLL sin R"L 

x ( 2 cos WL s'mR JFsiniT JF+ sin WL sin (12" JT-E JP)cob W) 

cos .AT? sin JFsin WL 
sin RL sin R"L 

x {2cot WL sin RWainR"W+ sin (R"W-RW) cos WJ. 

Or, putting for cot WL its value, which gives 

cot WL sin R W sin 2T JF = sin s NWUnWR ', 

and putting also 

sin (R" W - R W) = sin 2NW = 2 sin #7F cos N W, 

the expression becomes 

_ VcosNR sinjTsin gX sin' W WR , + cotNWcQS W) . 
sinRLsmR'L v 

The right-hand side of the equation to be proved is 

.. _ _. Sill -2.Y ff T-ir rr/ • T"T7 

sin R'LR WfP . Arp cos -R' 17' sin 17, 

cos WR sin .Wit 

and we have 
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. n „ Tn sin RR " sin R . n sinWLsmlV 

sin R jLR = . — =T77v — , sin R = — — -^ — =— : , 

sin R L sin RL 

and consequently 

smR'LR 

_ sin iZiT s in WLsmW _ 2 sin iVfl cos #g sin #X sin W 
= sin RLsinR'L sin RL sin #"£ ' 

or the expression is 

2 cos NR sin JfX sin W smNW „,„, . _„ 

= : — 5-f— = — H^r ' IxTS' cos R V WSaV , 

sin i?Zy sin .R X cos JF22 

But we have 

. .„ sin NW 
sin U = - — jj^- ; 
sin W U 

and therefore 

sin NW ,,, . ,,, . . cos 72'f/' 

r , cos it 1/ sin t/ = sir AW - 



cos JF.K ' cos WR ' sin JFZ7' 

ain2 yy COs(^t7'-^') 
cos WR' sin #77' 
= sin 2 iv7r(tan #7?'+ cot W). 

But we have cot WW = cot iVJFcos W, and the expression 
becomes 

2cosIV72sm7Fsin WLw&NW,. nrs 

= — : — pr , D „ r (tan WR + cot iVWcos IF) ; 

sin RL sm R L K ' 

which is the expression previously found as the value of the 
left-hand side of the equation, and the theorem is therefore 
proved. 

" It is obvious that the point L might have been con- 
structed by taking on R'W, produced in the direction from 
R' to W, a point K such that 

sin 2 N W 

tan KW= . °" . tan WR', 

swRWsmR W 

and then taking the arc KL in the reverse direction equal to 
90°. 

" Passing now to the optical problem, it will be recollected 
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that in Mao Cullagh's theory the direction of vibration in an 
extraordinary medium is perpendicular to the plane of the ray 
and wave normal, and that the polar plane of a refracted ray 
is by definition a plane through the point of incidence parallel 
to the direction of vibration, and also parallel to a line joining 
the extremity of the ray with the corresponding point on the 
Index surface, — the last-mentioned surface being the polar re- 
ciprocal of the refracted wave-surface, taken with respect to 
the reflected wave-surface, or wave-sphere, contemporaneously 
generated. We have to consider a ray of polarized light in- 
cident on the surface of an extraordinary medium, and giving 
rise to a reflected ray and a single refracted ray. Let the in- 
cident ray and the reflected ray be respectively produced 
within the medium, and let the three rays, viz., the incident 
ray produced, the refracted ray, and the reflected ray pro- 
duced, be represented in direction (see Fig. 2) by AR, AR ' and 
AR" ; and take AR= AR" = 1 £_ 

as the radius of the wave-sphere 
and AR' as the radius of the 
wave-surface, corresponding at 
a given instant of time to the 
first or ordinary medium and 
the extraordinary medium re- 
spectively. Take also A Was 
the perpendicular on the tan- 
gent plane of the wave-surface 
at R', or 'wave-normal,' corresponding to the refracted ray 
AR'; and let AN represent the normal to the plane of sepa- 
ration of the two media, and AH the intersection of the last- 
mentioned plane with the plane of incidence. The lines AR 
AR", A W, AN, AH are of course all of them in the plane of 
incidence, the line AN bisects the angle made by the lines 
AR, AR", and the lines AN, AH axe at right angles to ea,ch 
other. The length of the wave-normal A W is given by the 
equation AR sin NA W= A W sin NAR, or putting, as above, 




Fig. 2. 
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AR = 1, and representing the two angles at A by NfV, NR re- 
spectively, then, if p denote the length of the wave-normal, we 
have sin NW = p sin NR. Take k the pole of the tangent 
plane of the wave-surface at R' (or, what is the same thing, the 
image of the point W), in respect of the sphere radius AR, 
then k will be the point on the index-surface corresponding 
to the point R' of the wave-surface; and let AK be drawn 
through the point A parallel to R'k. Take A T perpendicu- 
lar to the plane WAR' (or, what is the same thing, the plane 
KAR') as the direction of the refracted vibration, the plane 
KA T' will be the polar plane ; and by 4°, the theorem of the 
polar plane, the directions of the incident and reflected vi- 
brations are given as the intersections of the polar plane 
with the wave-fronts or planes through A normal to the 
directions of the incident and reflected rays respectively; 
these intersections are represented in the figure by A T and 
A T". The relative magnitudes of the vibrations are then 
determined by 2°, the principle of equivalent vibrations, viz., 
considering these vibrations as forces acting in the given di- 
rections AT, AT, A T" respectively, the refracted vibration 
will be the resultant of the incident and reflected vibrations : 
the terminated lines A T', AT, A T" in the figure are taken 
to represent in direction and magnitude the vibrations corre- 
sponding to the refracted ray and to the incident and reflected 
rays respectively, and the lines R't, Rt, R"t" are drawn 
through the extremities R', R, R" of the three rays equal and 
parallel to AT, AT, and AT' respectively. Let m', m, m" 
denote the masses of ether set in motion by the three rays re- 
spectively, then, according to Mac Cullagh's hypothesis of 
equal densities, we have 

, , „„ „„ AWcosR'N 
m = wi " : m ' : : AR cos RN : — — tj^t — , 

cos WR 

(where RN, &c, denote the angles RAN, &c.) ; or writing 
as before, AR = 1, AW = p, where sin NW = p sin RN, we 
have 



m = m": m' :: cos RN 
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p cos R'Nf sin NW cos R 'N 



Nf sin N 
I' \ cos l 



cos JF.R' V cos WR' sin iW; 

This being premised, then, 3°, the principle of vis viva is 

that 

m (Rty = m'(R'ty + m"(R"t"Y ; 

or, what is the same thing, 

Rt 2 -R"f* _ m' _ sin NW coa RN 
R't" ~ m cos WR' sin RN cos RN' 

" And 2°, the principle of equivalent moments, is that 
the moment of R 't' round the axis AH, is equal to the sum of 
the moments of Rt and R"t" round the same axis. It only 
remains to show that these two properties are in fact con- 
tained in the Theorems i. and n. 

" The point k is the image of W in a sphere-radius 

unity. Hence, Ak = -k W- — p, and, therefore, 

. „. w , p tan WR' pHsaWR' VV[ . 

tan WkR =- — s = ~ : =■ tan KW, 

1 l-» s 

P 
but we have, as before, sin NW=p sin RN, and consequently, 

sitfNWtanWR' 



t&nKW= 

sin' KJS ~ sin' M w 

r tan WR'. 



eitfRN-eitfRW 
sin J NW 



6mRWsinR"W 

" Suppose now that the points R, R', R", W, N, H, K, 
of Fig. 2, are all of them projected by radii through the cen- 
tre A upon a sphere, radius unity (see Fig. 3, where the 
several points are represented by the same letters as in Fig. 2) ; 
and complete Fig. 3 by connecting the different points in 
question by arcs of great circles, and by producing KW (in 
the direction from K to W) to a point L, such that KL = 90°, 
and by joining LR, LR", and drawing the arc NU'UU" at 
right angles to jR "R (or, what is the same thing, with the pole 
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/ H 



H) meeting LR', LR, and LR" produced, in the points U', 
U, U" respectively. By what has preceded, the points K, L 
of Fig. 3 are constructed 
precisely in the same man- 
ner as the same points in 
Fig. 1, and in fact Fig. 3 
is nothing else than Fig. 1 
with some additional lines 
and points. The condi- 
tion employed to deter- 
mine the magnitude of the 
vibrations Rt, Rt', R"t", 
gives that these vibrations 
are as Fi g . 3. 

sin T T" : am TT": TT, 
or, observing that LR, LR', LR" are the great circles whose 
poles are T, T, T" respectively, these vibrations are as 
sin RLR' : sin RLR" : sin RLR' ; 

and, substituting these values, the equation given by the prin- 
ciple of vis viva becomes identical with that of Theorem 1. 

" Proceeding to the condition given by the principle of 
equivalent moments, we have 

moment of Rt round AH 

= RtxARx cos [AR, J_ dist (Rt, AH)] x sin (Rt, AH) ; 
and in Fig. 3, observing that the radius through U is parallel 
to the perpendicular distance of (Rt, AH) (for LR has the 
pole T, and NU the pole H) then 

cos [AR, J_ dist (Rt, AH)] = cos R U, 
sin (Rt, AH) = sin TH, 

or, since TandjETare the poles of LR and N ^respectively, 
TH= L NUR, and, putting AR = 1, the moment is 

= Rt cos RU sin NUR. 
Similarly, 
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moment of R"t" round AH 
= R't" cos R" U" sin NU"R". 

And for the refracted ray, 

moment of R 't' round AH 
= AR' x R't' cos 2?' £7' sin tft/'i*'. 

But we have 

^*F sinAW 

= cos WR ' " cos JFtf ' sin NR' 
and, therefore, the moment is 

sin WW 

m R't' ^-IL—- cos JTU'sin NU'R'. 

And the vibrations Rt, R"t", R't', as before, are as 

sin R "LR' : sin RLR' : sin RLR", 

whence the equation given by the principle of equivalent mo- 
ments is precisely that of Theorem n." 



Mr. M. Donovan exhibited and described a moveable ho- 
rizontal sun-dial, invented by himself, which shows apparent 
solar time within a small fraction of a minute. 



